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I Introduction 



The quantization of simple Lie algebras ^ or Lie superalgebras [Q, ^, ^, ^, ^ as qu- 
asitriangular Hopf (super)algebras has been carried out more than a decade ago. Since 
then, these structures have received much attention both in the mathematical and physical 
literature. In a physical context, one is mostly dealing with representations or realizations 
of these quantized algebras. This is in fact the main topic of the present paper : cer- 
tain special representations (Fock representations) and related realizations (Dyson and 
Holstein-Primakoff) of the quantum superalgebra Uq[sl{n + l\m)] are presented. 

The Lie superalgebra sl{n + l\m) is one of the basic classical simple Lie superalgebras 
in Kac's classification It can be considered as the superanalogue of the special linear 
Lie algebra sl{n + 1). The quantum superalgebra Uq[sl(n + l|m)] is a Hopf superalge- 
bra deformation of the associative superalgebra U[sl{n + l\m)], the universal enveloping 
superalgebra of sl{n + l\m). At this point, it is already worth observing that the more 
familiar case of sl{n + 1) and Uq[sl{n + 1)] just follows by putting m = 0. The readers who 
are interested in this case only can still use all formulas presented in this paper, simply 
taking m equal to 0. 

For a definition of the quantum superalgebra Uq[sl{n + we refer to ^, ^, 

^, 0]. Usually, Uq[sl{n + l\m)] is defined by its Chevalley generators (often denoted by 
Cj, fi and hi, with i = 1,. . . ,n + m), subject to the Cartan-Kac relations and the Serre 
relations ^, ^. Besides these defining relations, also the other Hopf superalgebra 
maps (comultiplication, co-unit and antipode) are part of the definition. In this paper, 
however, we do not use these other Hopf superalgebra maps; so we shall concentrate on 
Uq[sl{n + l\m)] as an associative superalgebra. 

The definition in terms of Chevalley generators has the advantage that the comulti- 
plication, co-unit and antipode are easy to give. Furthermore, certain representations can 
be constructed explicitly (e.g. for the essentially typical representations a Gelfand-Zetlin 
basis exist for which the action of the Chevalley generators is known Q ) . Having certain 
physical applications in mind, however, it is sometimes more useful to work with a different 
set of generators for Uq[sl{n + l\m)]. 

The different set of generators for Uq[sl{n+l\m)] given here are the Jacobson generators 
(denoted by af , and Hi, with i = 1, . . . , n+m). For the case of sl{n+l), such generators 
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were originally introduced by Jacobson 11]. The use of Jacobson generators has a 
number of advantages. 

First of all, in certain applications it is necessary to have a complete basis of Uq[sl{n-\- 
l\m)] (following from the Poincare-Birkhoff-Witt theorem). Such a basis is given in terms 
of the Cartan-Weyl elements. Although it is possible to express all Cartan-Weyl elements 
in terms of the Chevalley generators, such expressions soon become rather unmanageable. 
In terms of the Jacobson generators, the description of all Cartan-Weyl elements is very 
easy. 

Secondly, the Jacobson generators allow for the construction of a class of irreducible 
Uq[sl{n + l|m)] modules Wp, p £ C, called Fock representations. The Fock representa- 
tions corresponding to different p are inequivalent. For p a positive integer they provide 
an explicit construction (basis and transformation of the basis under the action of the 
generators) of (deformations of) atypical representations of Uq[sl{n + l\m)]. This is an 
interesting mathematical result, since even in the nondeformed case all atypical represen- 
tations of s/(n-|- l|r?T,) were not explicitly constructed so far (e.g. even a dimension formula 
is unknown). 

A disadvantage of the Jacobson generators compared to the Chevalley generators is 
that the explicit expressions for the other Hopf (super)algebra maps (comultiplication, 
co-unit and antipode) become very lengthy and complicated. 

The results of the present paper provide a mathematical background for further stud- 



ies of noncanonical quantum statistics initiated in ||12[ (see also [11 1 and [^] for further 
references). The approach is based on the concept of creation and annihilation operators 



(CAO's) of a simple Lie (super)algebra A and its Fock representations [14|. The CAO's of 
A provide a description of A in terms of generators and relations, which are different from 
the Chevalley generators. In this terminology any n pairs of par a- Fermi operators |jl^ 
are CAO's of so(2n + 1) |jl^ and any n pairs of para-Bose operators |]l5[ are CAO's of 
the orthosymplectic Lie superalgebra osp{\\2n) ||T^. The CAO's of sl{n + 1) [jl2| and of 



sl{l\n) [14| lead to new quantum statistics. Generalizing the results of Jacobson on Lie 
triple systems [10|, Okubo has reformulated all above statistics in terms of Lie supertriple 
systems [jl8|. In this setting the CAO's of the Lie (super)algebras mentioned above are 
generators of the related (super)triple systems. This is another reason to call them Ja- 
cobson generators (JG's). The link between the JG's and the simple Lie superalgebras 



3 



provides a natural background for their q-deformations (we refer to [19| for more discussion 
in this respect). 

The representations of (quantum) super algebras have certainly wider applications. 
These algebras (and in particular Uq[gl{n + l|m)] |^^) play a role for finding new solu- 
tions of the quantum Yang-Baxter equations and for the construction of solvable models. 
As examples we mention the super symmetric solvable t — J models of correlated elec- 
trons [^] and their quantum analogue |22|. Some other potential physical applications 
are mentioned in the last section. 

In section II we define the Jacobson generators of Uq[sl{n + 1|?ti)], as a special subset 
of the Cartan-Weyl elements. The description of all Cartan-Weyl elements in terms of the 
Jacobson generators becomes very simple (Theorem 1). However, in order to apply these 
results (e.g. in representations) one must have a list of all (super)commutation relations 
between these Cartan-Weyl elements; in terms of Jacobson generators, this means one has 
to determine certain triple relations. These are also given in Theorem 1, together with 
their proof. 

In section III we define Fock representations for Uq[sl{n + l|m-)], related to the earlier 
defined Jacobson generators. The main part of this section is devoted to the proof of 
Theorem 2, describing the action of the Jacobson generators on a basis of the Fock repre- 
sentation. This proof is rather technical and lengthy, and has been divided in a number of 
lemmas. The essential result is that these Fock representations are labelled by a number 
p; when p is a nonnegative integer, the Fock representation is finite-dimensional. 

The Fock representations determined in section III are further analysed in section IV. 
In particular, following conditions required in a physical context, it is determined when 
these Fock representations are unitary (or unitarizable, or Hermitian), see Theorem 6. In 
that case, an orthonormal basis of the Fock space is given, together with the action of the 
Jacobson generators on these basis elements. 

Inspired by the Fock representations, we can give new expressions for the Dyson and 
Holstein-Primakoff realizations of Uq[sl{n + l|m)] (section V). In ||2^, the Dyson and 
Holstein-Primakoff realizations for the Chevalley generators of Uq[gl{n\m)] was already 
given. Here, we give Dyson and Holstein-Primakoff realizations for the Jacobson generators 
of Uq[sl{n + l|m)] (Theorems 7 and 8); from these, the corresponding realization for 
all Cartan-Weyl elements are deduced. All these realizations are in terms of n pairs of 
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Bose and m pairs of Fermi creation and annihilation operators. The Holstein-Primakoff 
reahzation becomes particularly simple when expressed in terms of (^-deformed Bose and 
Fermi creation and annihilation operators. 

Unless otherwise stated, we consider in this paper Uq[sl{n + l|m)] as a module over 
the algebra C[[/i]] (with q = e^) of formal power series over an indeterminate h. It is 
important to note however that all considerations remain true if one replaces /i by a 
complex number such that q = is not a root of unity. In fact, most of our results hold 
also for q being a root of 1, including the unitary Fock representations and the Dyson and 
Holstein-Primakoff realizations. 

Throughout the paper we use the notation : JGs for Jacobson generators; Z (resp. 
for the set of all integers (resp. of all nonnegative integers); Z2 = {0, 1} for the ring 
of all integers modulo 2; C for all complex numbers. Furthermore : 

_ q—x 

[x] = ^, when x G C, (1-1) 

q-q-^ 

[r;s] = {r, r + 1, r + 2, . . . , s — 1, s}, for r < s G Z; (1-2) 

= I T -f • ^ r ' A I 1 ' (^ij = Gi + Oj\ (1.3) 
[ 1 if z S [n + 1; n + mj ■' 

[a, b]=ah- ba, {a, h] = ah + ha, [a, h\ = ah - (-l)d«sW d«s(^)6a; (1.4) 
[a,h\^ = ah - xha, {a,h}^ = ah + xha, [a, 61^ = a6 - (-l)^"^^'')'^"^©^.^^, (I.5) 

where deg(a) G Z2 refers to the degree (or grading) of a when a is a homogeneous element 
of a superalgebra. 



II Jacobson generators of t/g[s/(n+ l|m 

Although the quantization (g-deformation) of simple Lie algebras and basic Lie superal- 
gebras is usually carried out in terms of their Chevalley generators, there exist alternative 
descriptions in terms of so-called deformed creation and annihilation operators for the 
^-deformation of osp{l\2n) [||], so{2n + 1) ||, osp{2n + l\m) ||], sl{n + 1) ||] and 



sl{n + l|m) |27|. These alternative generators have the advantage that in some natural 
interpretation they have a direct physical significance; furthermore, they allow the defi- 
nition and construction of a mathematically interesting and physically important class of 
irreducible representations, the Fock representations. 
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The Hopf superalgebra Uq[sl{n + l|m)] is defined in the sense of Drinfeld Q, as a 
topologically free C[[h]] module. As a superalgebra, Uq[sl{n + l|m)] is usually defined by 
means of its Chevalley generators, subject to the Cartan-Kac relations and the Serre rela- 
tions ||5|, |6|, 1^]. Unlike the Lie algebra case, there is an "extra Serre relation" involving the 
generator associated with an odd simple root [^, ^, ^, This property was investigated 
further by Yamane ||2^, Indeed, for the basic classical Lie superalgebras there exist 
many non-isomorphic simple root systems |^]; one of these, having only one odd simple 
root, is known as the distinguished simple root system The classical description of 
Uq[sl{n + \\m)] is in terms of relations and generators associated with this distinguished 
simple root system. Yamane ^ studied Hopf superalgebras in terms of relations and 
generators associated with other simple root systems. Apparently, this gives rise to more 
involved extra Serre relations. Moreover, the structure of the Hopf superalgebra seems to 
depend on the choice of simple root system In this paper, Uq{sl{n + l|m)] stands 

for the usual Hopf superalgebra associated with the distinguished simple root system. But 
we shall be dealing with an alternative set of generators (and relations) for Uq[sl{n + l\m)]. 

In this section we shall recall the definition of deformed creation and annihilation 
operators of Uq[sl{n + and refer to them as Jacobson generators (JGs) since they 

are closely related to generators in the sense of a Lie supertriple system ||l^ (and for 



Lie triple systems, such generators were originally introduced by Jacobson ]T0| , 11|). The 
definition of JGs can be best presented in the framework of a set of Cartan-Weyl elements 
of Uq[sl[n + l|m)]. Furthermore, in order to construct the Fock representations explicitly, 
it is necessary to have a complete list of so-called triple relations between the JGs. Such 
relations can be deduced from the supercommutation relations between all Cartan-Weyl 
elements. So we begin this section by recalling some properties of Cartan-Weyl elements 



of Uq[gl{n-\-V\m)], deduced in [31|, which are then easily restricted to the case of Uq[sl{n + 
l\m)]. 

Although a set of generators, such as the Chevalley generators, is sufficient for the 
definition of Uq[gl{n -|- l|m] as an associative algebra, it is not sufficient for describing a 
basis of Uq[gl{n+V\m]. For this purpose, the construction of a set of Cartan-Weyl elements 
is necessary. For Uq[gl{n + l|m], a set of Cartan-Weyl elements is given by elements ejj, 
with i,j G [0;n -|- m]; for an explicit expression of these elements Cij in terms of the 



standard Chevalley generators, see |31]. Finding a set of Cartan-Weyl elements, and their 
(super)commutation relations, is necessary for the construction of a Poincare-Birkhoff- 
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Witt basis of Uq[gl{n + l|m]. The elements Cjj are the g-analogues of the defining basis 
of gl(n + l|m); their grading is given by deg(ejj) = Oij. We shall refer to eij as a positive 
root vector (resp. negative root vector) if i < j (resp. i > j). For the formulation of the 
Poincare-Birkhoff-Witt theorem, it is necessary to fix a total order for the set of elements 
Cjj. Among the positive root vectors, this order is given by 

e-ij < Ski, i < k or i = k and j < l; (2-1) 



for the negative root vectors Cij one takes the same rule (2.1), and total order is fixed by 
choosing 

positive root vectors < negative root vectors < en. 

The order among the elements en is of no real importance since they commute. A complete 
set of relations between the Cartan-Weyl elements Cij is given by (^^)- (|2.7| ) (see eqs. (3.10)- 
(3.15) of H) : 

[eii,e,j]=0; (2.2) 
[en, ejk] = {Sij - 6ik)ejk; (2.3) 
(ey)2 = 0if% = l; (2.4) 

for two positive root vectors eij < e^i ■ 

Ieij,efc/]^^_^js,^.^^_^_^j9,^^^^^_^je^^^^ = 5jke^l + {q - q-^){-lf''e{l > j>k> i)ekjeu; (2.5) 
for two negative root vectors e^ > e^i ■ 
Ieij,efc/l^_(_i)e,,^.^^(_i)e,,^.^_(_,)e,,^^ = djkeu - {q - q-^){-lf''9{i >k> j > l)ekjeii] (2.6) 



and finally for a positive root vector eij and a negative root vector eti ■ 
leij,ekil = \^q- 

+ {{q - q'^WU >k>i> l){-l)(^>=ekjeu - 6u0{j > fc)(-l)^«e,,, + 5jk0ii > l)eu) 

,,qi-ir^e,,~i-ir^eu + ^(-l)«.e,-(-l)«.e,, _ _ >j>l> euekj 

-6u9ik > j){-l)'^^ekj + 5jk0{l > i)eil). (2.7) 



Herein, 



fl/. ^ . ^ ^.x , 1, if ii > i2 > • • • > V, 

0[n > Z2 > • • • > V) = i n +u ■ (2-^ 

' U, otherwise. 



The difference between Uq[sl{n + l|m)] and Uq[gl{n + l|m)] lies in the elements of 
the Cartan subalgebra. For Uq[gl{n + l\m)] the Cartan subalgebra is generated by en 
{i G [0; n + m]). For Uq[sl{n + l|m)] the Cartan subalgebra is generated by the elements 
Hi, with 

Hi = eoo-{-lf^eii, ie[l;n + m]. (2.9) 
Sometimes, it will be useful to work with the elements Lj and Lj, where 

Li = q"\ Li = q-"\ ie[l;n + m]. (2.10) 

The Cartan- Weyl elements of Uq[sl{n+l\m)] are now given by {Hf, i £ [1; n+m]}U{eij ; i ^ 
j £ [0;n + m]}. The complete set of supercommutation relations between these Cartan- 
Weyl elements is given by 

[H,,H^]=0; (2.11) 
[Hi, ejk] = {6oj - 6ok - {-lf'{6ij - 5ik))ejk\ (2.12) 



(2.4), ( |2.5[ ), ( p.6| ) and finally the relation between a positive root vector Cij and a negative 



root vector e^i '■ 

N,e,.i = (4-^)"z;-)^' - zj-^^'l;-)^') (2.13) 

+ {{q - q'')0{j >k>i> l){-lf''ek,eii - 6ii9{j > k^-lf^^ekj + SjkO{i > l)eii)ULk 
+LjLi(^- {q - q-^)e{k >j>l> i){-lpeiiekj - SnOik > j)i-lf^^ekj + 6jk0{l > i)eii^ ■ 

The Jacobson generators of Uq[sl{n + l|m)] are now defined as the Cartan elements 
Hi {i S [1; n + m]) together with the elements 

a~=eoi, al = eio, i € [l;n + m]. (2-14) 



From (2.13) it is easy to deduce that 



la-,a+} = -i-l)'^L,eji, {i < j); {a- ,a+} = -{-Ip e,^Lj, {i>j). (2.15) 

However, these relations are not complete in order to reshuffle all Cartan- Weyl elements in 
an arbitrary expression in the right order. For this purpose, we have the following result : 
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Theorem 1 A set of Cartan-Weyl elements of U q[sl{n+l\m)\ is given hy Hi, a- , [aj^,aj] 
(i ^ j £ [l;n + m]). A complete set of supercommutation relations between these elements 
is given by : 



[m, Hj\ = 0; [Hi, af] = ^(1 + {-if ^5, 

r- _ Li Li 



R; ,a. 



q-q- 



lala% = {i<j); {aff=0 {i e [n + l;n + m]); 



(2.16) 
(2.17) 
(2.18) 



ri'^S.kL-^'^a'^ + (-l)^^^^e(j,fe,i)g«(g - (Da^alaJ^ (2.19) 



where (j — z)^ > 0, S,, rj = ± 

1, ifj > k> i; 
< -1, ifj < k <i; 
0, otherwise, 



and e(j, fc, i) 
and we have used the notation q = q~^. 



Proof. The first part of the statement is obvious. Relation ( 2.16 ) follows from ( ^.11[) and 
(|2T^ ); ( ^TtI) follows from (|t|) with I = i < j = k; the first relation in (|1|) follows 
from (p.5|) with i = k < j < I and from (2.6) with I = j < k < i, whereas the second 



relation in ( |2.18 ) comes from ( |2.4| ). Finally, it remains to prove ( p. 19 ). There are four 
similar cases to consider, according to = it and ^ = it. For r] = — and ^ = +, we use 
the first relation in ( |2.15| ) and find : 



{-lf^lLieji,aJ^,^^,,^o^,^^ = -{-lf^Lileji,aJ 



-{-lfL,leji,eokj = i-lf'^'^^'^Lileok^ejij. 



Herein, we have used the last equation of ( 2.16| ) to change the order of Li and . For the 
last supercommutator, we use ( 2.13| ) : 



ir+'^^'^L^LkLi [-{q- q)9{j >k> i)(-l)''=eo»ejfc + ^j-eo, 



Using trivial properties of the ^j-symbols, the second term in the rhs of this expression 
becomes {—ly^ djkL^a" ; for the first term we use similar properties and replace according 
to ( 2.15D ejk by — (— l)^'=Lfc|o^, a^^J, so there comes 



{-if'qiq - mj >k> i)a-la^,a+j. 
9 



This coincides with the second expression in ( 2.19| ). Exchanging indices i and k, and using 



the relation just obtained, one shows that also the first expression in ( gl9D is valid 



For the remaining choices of rj and ^, the proof is similar. □ 

Finahy, we wish to remark that in order to construct Uq[sl{n + l\m)] by means of 
the JGs subject to a set of relations, not all relations of Theorem 1 are needed. Such a 
minimal set of relations was determined in 



III Fock representations 

In this section we shall construct so-called Fock representations of Uq[sl{n + l|m)]. The 
representations considered here are diagonal with respect to the Cartan elements Hi. So it 
will be convenient to fix q (or h) as a complex number in this and in the following section. 

The Fock representations, or modules, can be defined by means of an induced module 
construction. First observe that G = Uq[sl{n + l|m-)], with Cartan- Weyl elements Hi, af 
and |ai^,aj] {i ^ j £ [l;n + m\), has a subalgebra H = Uq[gl{n\m)] with Cartan- Weyl 
elements Hi and 7^ i G [1;?^ + m]). A trivial one-dimensional H module is 

defined as follows : 

lar,a+]|0) =0, (i ^ j e [l;n + m]) (3.1) 
Hi\0)=p\0), (3.2) 

where p is any complex number. Let P be the (associative) subalgebra of G = Uq[sl{n -\- 
l|m)] generated by the elements of H and {a^]i G [l;n -|- m]}. The one-dimensional 
module C|0) can be extended to a one-dimensional module of P by requiring : 

ar|0) = 0, i£[l]n + m]. (3.3) 

Now the G module Wp is defined as 

Wp = lnd$ C|0). 

By construction, this means that Wp is freely generated by the generators af [i G [1; n+m]) 
acting on |0). In other words, a basis for Wp is given by 

|p;ri,r2, . . . = (a+)^H4)^^ • • • {^rK+if-^' K+2r"^' ■ ■ ■ |0> 

where rj G Z+ for i £ [1; n] and G {0, 1} for i G [n -|- 1; m]. (3-4) 
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So Wp is an infinite-dimensional G module. The main part of this section is devoted to 
the computation of the action of the JGs on the basis vectors ( |3.4| ) of Wp. This, of course, 
completely determines the action of Uq[sl{n + l|m)] on Wp. 



Theorem 2 The transformation of the basis ({3.4 ) of Wp under the action of the JGs 
reads : 



n+m 



Hi\p;ri,r2, . . . ,r„+m> = \p - (-1)^'^, - IPS'^i'^^a, • • ■,rn+m), (3.5) 



n+m 



a-\p;ri,r2,...,rn+m) = ^^.^^^ _ ^ ^ 

x\p;ri,r2, . . . ,rj_i,rj - l,ri+i, . . . ,r„+m), (3.6) 

af\p;r,,r2, . . . ,r„+^) = ^-if^n+9,r,+...+9..,n.,^,+...+n.,^^ _ g^^^^ 

x\p;ri,r2, . . . ,rj_i,rj + l,ri+i, . . . ,r„+m), (3.7) 



where i G [1; n + m] . 



Proof. Equation (3.5) is an immediate consequence of [Hi,a'f] = —(1 + (— l)^*(5jj)a| 



which is one of the last relations in ( |2.16 ). Also the action of af on the basis vectors is 
easy : ( p. 7] ) follows directly from (|2.18| ). The hard work lies in the proof of (3^). For this 
purpose, we shall use a number of technical lemmas. 

Lemma 3 The following relations hold : 

• [^) B1B2 . . . Bi-iBiBi^i . . . Bj\^bi+b2+...+bj 
j 



i=l 



where a = deg(A) and j3i = deg(-Bj); (3-8) 

K',(4ri 



-2 _i (Q/)'"~"^K~^Qj'I ^^en i < j, 



— ria'^Y'^hi ,otl when i > j; 

q — i J 

(a+)^-i ff'- - 1 ^ g2r _ 1 



(3.9) 



K", {atn = { ^^^—rU - ^-.^U ) ; (3.10) 



q — 1 — 1 

— 2r 1 



— 2r 1 

,a+l{atn,r = -{-lY^'^^^Ua+{atY-\ z > j, (3.11) 
.41, = - l)4{atr-'laT,all i > k > j. (3.12) 
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Proof. Equation ( |3.8| ) follows by direct calculation. We need to prove equation ( |3.9| ) only 
when r > 1, i.e. only when 9j = 0. Then one writes, using ( |3.8D , 



\r-l. 



Now the result follows using induction on r and using the triple relation ( p.l9| ) with k = j 
and T] = —. The proof of ( 3.10 ) is similar, using (^]^), induction on r, and (|2T^) . Also 
the proof of (3.11) goes along the same line : first one writes {afY as af(afY~^ (for 
r > 1); using ( p.§| ) this yields two terms : on the first term one applies (2.19), and on the 
second term one applies ( p. 11 ) by induction; then the result follows. The proof of ( 3.12 ) 
is essentially the same. □ 



Lemma 4 For i > 1 the following relation holds : 



[ar,a+l(a+r...(a++J^"-^'»|0) 

9i+e2r'2+e3r3+...+6li_iri_i 2r2 + ...+2ri_i+ri + ...+r„+ 



-(-ir 



(3.13) 



Proof. Consider first i = 2. Using (3.8), one finds 



[a2,a+l(a2+r 



(4+„)^'"+'"|0) = {atr ■ ■ ■ (4+„.)''"+'"L'-2+...+^„+™|0) 



... a, 



"I" ^ -f- 

n-\-m) 



|0) 



H-^)'^''^''^''''q''{4r{h2,4l {4r ■ ■ ■ (a++™)'^"+'"L.3+...+^„+™|o>. (3.14) 



From ( p. 81 ) and ( |2.19| ) it follows that the second term in the rhs of ( p. 14 ) is zero. For the 
first term, apply ( |3.11| ) and use the action of L2 as given by ( |3.5D and ( 2.1[1| ). Then the 
result follows. 

Next we shall use induction on i to prove ( 3.13 ) in general. So suppose (|3l^ ) holds for 
all j = 2, 3, . . . , i — 1, i.e. 



[a-,a+l(a+)'-^..(a++J'^"+™|0) 

^ _(^_-|_^ei+6l2r-2+e3r3+...+6lj_irj_ig2r2 + ...+2r^_l+rj + ...+r 



(3.15) 
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Making a shift of indices in ( 3.15| ) (thereby putting the last r^-values equal to zero), leads 



to the following equivalent equation : 



a, , a [a 



-l)^j+^i+i''j+i+^j+2''i+2+...+6'i_iri_i^2rj+i+...+2ri_i 



+ri+...+rn+m-p\ 



x^tic^t+iP^' ■ ■ ■ {atir-'{4Y'-H4+iY'^' ■ ■ ■ i<+mY"-'-\0), (i < ^)-(3.16) 



Now consider the Ihs of ( [3.13 ) and apply (js] 



lar,an{atY'^ . • • (0:+^)''"+'" |0) = [[ar, a+], {a^Y' ■ ■ ■ (a:+^)^^"+'"l,.,+...-f.„+™ |0) 

n+m 

^ ^2 q^2+...+rk-i(^_i-^{ei+ei){e2r2+e3r3+...+9k-irk-i) 



k=2 



xiatY' ■ ■ ■ {aUY'-^K^atl {atY%^^iat^J'^^ ■ ■ ■ 1 0)- (3.17) 

In this last sum, all terms with k > i are easily seen to vanish. For the terms with k < i, 
we apply ( |3.12| ), and for the term with k = i, we apply ( 3.11] ). Then there comes : 

i-l 



k=2 



xatiatY' . . . {at_J''-^{atY''-'lar,at}{at^J''^^ . . . {aUmY''^-\0) 
xaiiarr . . . {aUr-H4r'HaUY'^' ■ ■ ■ fc™)''"^'"|0>. (3.18) 



For the terms in ( 3.1^ ) with k < i,we can apply ( |3.16 ). Then it is a matter of appropriately 



summing all contributions, which leads finally to the rhs of ( p.l3| ). □ 
Proof of Theorem ^. There remains to prove equation ( |3.6| ). First, assume that i = 1 



in ( |3.6D ; then we have according to ( |3.8| ) 

|p; n, r2, ....... , r„+^) = [a^, {afY' i4Y' ■ ■ ■ (a++„ )""+'" 1 10) 

i=2 

x{atY' . . . {a+r--{a^, {4Yq{4^J^^' • • • (a++„)'-"+-|0). (3.19) 



The terms with j > 2 in the rhs of ( ^.19 ) are found to be zero using dU) and (|1|). So 



only the first term in the rhs of ( ^.19]) gives a contribution; using ( ^l0|) this IS 



n+m 



[n]\p- Y Tj + l]\p;ri - l,r2,...,rn+m), 
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so the case i = 1 is proved. Now we use again induction on i. So the following equation 
holds for j < i : 



ajia+Y' . . . (a++^)""+™|0) = (_i)ei-i+e2r-2+...+e,_ir,_i^n+...+r,_i 

n+m 



x[rj\ 



J2 ri + mp;n,r2,---,rj-i,rj - 1, r^+i, . . . , r„+„). (3.20) 
1=1 

In this equation, put r„+m = and raise all indices by 1. Then the following (equivalent) 
equation holds : 



or(a+)^2 , , , (a+^^)''"+™|0) = (_i)e2^2+''3r-3+...+e,_in_i^r2+...+n_i (3^21) 

n+m 

x[r.][p - ^ n + l](a+)^'-^ . . . iaUY"Hatr-\at,J'^^ . . . (a++„)'^"+'-|0). 
Now consider 



a. |p; ri, r2, . . . , r„+„) = {a- , {ajY^ . . . (a++^^)''"+ 



K", {atrjiatr ■ ■ ■ i'^t+mY-^-m) + {-ir'^'-H4rK, {aty^ . . . (a++^)'^"+-l|0) 
g2 



+{-lY^<^^r,(atriar, (a^Y' . . . (a:+^)^^"+-l|0). (3.22) 



This was obtained by applying (3^) on the first term. The rhs of ( |3.22| ) can now be 
determined as follows : for the first term we use (|3.13| ), and for the second term, we 
use ( p. 21 ) in which both sides have been multiplied (on the left) by {afY^. Adding both 



contributions leads to the desired result. □ 

The action of the elements Hi and af {i G [l;n + m]) on the basis vectors of Wp, 
determined in Theorem ^, clearly imply that Wp has an invariant submodule when p is a 
nonnegative integer. From now on we shall assume that p £ 7L^. Then we have 

Corollary 5 The Uq[sl{n + l|m)] module Wp has an invariant submodule Vp with basis 
vectors 

n+m 

\p;ri,r2,. . . ,rn+m.), with ^ > p. 

i=l 

The quotient module Wp = Wp/Vp is an irreducible representation for Uq[sl{n + l|m)]. 
The basis vectors ofWp are given by (the representatives of) 

n+m 

\p;ri,r2,. . . ,rn+m), with ^ < p. (3.23) 

1=1 
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These finite-dimensional irreducible Uq[sl{n-\- l\m)] modules Wp are referred to as the 
Fock modules or Fock representations of Uq[sl{n + l|m)]. Also in the Fock modules, the 
action of the elements and af (i G [1; n + m]) on the basis vectors ( 3.23| ) is essentially 
given by the equations of Theorem 

One can verify that the irreducible Fock representations Wp are so-called atypical 
representations of Uq[sl[n + l|m)]. Atypicality is usually defined for highest weight rep- 
resentations of simple Lie superalgebras |^2|, but it can be extended to highest weight 
representations of the corresponding Hopf superalgebras |3^. In the standard basis, the 
Dynkin labels of Wp (or of its highest weight) are given by (p, 0, . . . , 0). This means that in 
general the representation Wp is multiply atypical ||3^, More precisely, if n > m, then 
Wp is m-fold atypical; if n < m, then Wp is (n + l)-fold atypical for p < m — n and n-fold 
atypical for p > m — n. Observe that in this way we have obtained the action of a set 
of generators of Uq[sl{n + l|m)] on a class of atypical irreducible representations, i.e. the 
Fock modules. In general, an explicit basis for atypical representations is not known, not 
even in the case of sl{n + V\m). For typical representations of Uq[sl{n + l\m)], it is easier to 
construct a basis. For a subclass of these, the so-called essentially typical representations, 
a (Gelfand-Zetlin) basis has been constructed together with the action of the Chevalley 
generators 

IV Unitary Fock representations 

In this section we select a class of Fock modules important for physical applications. 
These are the ones for which the standard Fock metric is positive definite, and for which 
the representatives of af and Hi (i E [l;n + m]) satisfy the Hermiticity conditions : 

(a+)t = a-, (a-)t = a+, {H,)^ = H,. (4.1) 

In quantum mechanics, including its generalization to the noncommutative case (see, for 
instance |3^, ^), ( |4.1| ) follows from the relations = const (xfc=F^Pfc) and the requirement 
that the position operators and the momentum operators p^ should be selfadjoint 
operators. By definition, representations for which ( fl.lj ) holds are said to be unitary (with 



respect to the anti- involution in Uq[sl{n+l\m)] defined by (O), and the Fock space scalar 
product). 
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For the Fock representation Wp, we can define a Hermitian form ( , ) by requiring 



(|0), |0)) = (0|0) = 1, (4.2) 
and by postulating that the Hermiticity conditions ( |4.1| ) should be satisfied, i.e. 

{afv, w) = {v, afw), \/v, w G Wp. (4.3) 



It is now easy to determine that any two vectors \p;ri,r2, ■ ■ ■ , rn+m) and |p; r^, rg, . . . , r'^^,^/ 
with (^1, r2, . . . , r„_|_m) / ('^i; ^2' • • • ' ^n+m) orthogonal. Furthermore, one can com- 
pute : 

r II n+m r ,| n 

{\p; ri, r2, . . . , r„+^), |p; n , r2, . . . , r„+^)) = H [^^1' = IIC^']'' (4-^) 

where i? = ri + r2 + . . . + r„+m- Clearly, it holds for R = 0; then use induction on R 
together with (^-(O). 



Assume now that l<i<j<n + m. According to (4^) we have 



(a+a+|0),a+a+|0)) = [p][p-l]. (4.5) 

From (|2.18| ) we have a+a+ = (-l)^»^Jga+a+ = (-l)^»ga+a+ (since (-1)^»^j = (-1)^' for 
i < j); thus we find 



(a+a+|0) , a+a+|0)) = ((-l)^>g-a+4lO) , a+G+|0)) = (-1)^^^ Wb " 1], (4-6) 
where q* is the complex conjugate of q = q^^. On the other hand, using (O 



(a+a+|0), a+a+|0)) = (a+|0) , ajb; 0, . . . , 0, 1,, 0, . . . , 0, 1,-, 0, . . . , 0)) 
= (a+|0), (-l)^'gb-l]|p;0,...,0,li,0,...,0)) 
= {-lf^q[p-l]{at\0) , a+|0)) = (-l)^>g[p] [p - 1]. (4.7) 



Herein, Ij stands for a number 1 at the position i. When p > 2, the comparison of ( [4. 61) 
and (4/7) yields |gp = 1. Hence a necessary condition for the Fock space to be unitary is 



that q must be a phase, i.e. 

q = e'^, (-vr < < tt). (4.8) 
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Let us now further investigate when the Fock module is unitary, i.e. when the Hermitian 
form ( , ) is an inner product. This means that for every (ri, . . . , rn+m) with < R < p, 
the value in ( [4.4D should be positive. In particular, this implies that all the numbers 

[p], [p-1], [p-2], [2], [1] 

should be positive. However, since q = e**^ is a phase, we have 

_ q-k sm{kcl)) 



[k] 



q — q ^ sm{(p) 



So we are left with the following question : let p > 1, find the values of (p (— vr < i;^ < vr) 
where all of the following functions 

sm(2(p) sin(3</)) sm{p(j)) 
sin(0) ' sin((/)) ' ' sm{(j)) 

are positive. For each of these functions the zeros and hence the signs are easy to 

determine. So the common domain where all of these functions are positive is given by 

— vr vr 

< (p < -. 

P P 

Thus we have 

Theorem 6 The irreducible Fock module Wp (p > 2) is unitary if and only if q is a phase, 
i.e. q = e^^, with ^ < < ^. 

Observe that whether g is a root of unity or not does not have any effect on the 
irreducibility or unitarity of the Fock module Wp, as long as the conditions of Theorem ^ 
are satisfied. Indeed, suppose that q = e^'^ is a root of unity with <p a rational multiple of 
TT and ^ < (p < z;- Then the smallest integer for which q^ = — 1 is greater than p. 



As a consequence, the rhs in (4.4) is never zero. This implies that there are no singular 
vectors among the weight vectors |p;ri, . . . ,r„+m), and thus irreducibility holds. 

Under the conditions of Theorem |6|, we can define an orthonormal basis of Wp : 



\p;r,,r,,..., r^^^n ) = J [j![,^]fi:f Jjj^j, n , , . . . , r„+^) , (4.9) 
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where < 1]"=™ ^ P- t^e new basis ( [4. 91 ) the transformation formulas ( |3.5D -(^7^) 
read (i G [1; n + m]) : 



n+m 



Hi\p;ri,r2,...,rn+m) = y> - (-l)^'n - ^ r^J |p; n, r2, . . . , r„+m), (4.10) 
a-|p;ri,...,r„+„) = (_i)ein+...+e.-in_, (4^11) 



^^ri+...+n_i 



[r'i\[p- "^ri + M • • - IjJ^i+i, • • .,rn+m), 

1=1 



1 



n+m 



[rj + - ^ r,] |p;ri, . ..ri-i,ri + l,ri+i, . . . ,r„+m)- 



From ( ^ISD it is now easy to determine the action of the remaining Cartan-Weyl generators 



Cji on the basis elements of Wp : 



eji\p;ri, . . . ^r^+m) = (-l)^»('-»+i)+^»+i'-»+i+-+^.-i-.-i^'»+i+-+'-.-i-2e.{i~n)(i _ q.^.-^ 



^ \J [^j + 1] \p]ri,. . .n^i^n - l,ri+i, . . . ,rj_i,rj + l,rj+i, . . . ,r„+m), {i < j), 

(4.13) 

e,i|p;ri, . . . ,r„+^) = (_i)^.-.+...+e.-in-i^2e,r^+r,+i+...+n_i _ 



Y + 1] \p;ri,- ■ ■rj^i,rj + l,rj+i,. . . ,ri_i,ri - l,ri+i, . . . ,r„+m), (« > j)- 

(4.14) 

In particular, it is possible to extend Wp to a Uq[gl{n + l|m)] module, the actions being 
given by (IllD, gll and 



n+m 

eoo\p;ri,...,rn+m) = {P - ^ r;)|p; n, . . . , r„+m), (4.15) 

1=1 

eii\p;ri,...,rn+m) = ri\p;ri,...,rn+m), ie[l;n + m]. (4.16) 



V Dyson and Holstein-PrimakofF realizations of Uq[sl{n + 
l|m)] 

Consider (n + m) Z2-graded indeterminates cf {i £ [l^n + m]) with 

deg(c±) = e,. (5.1) 
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Denote by W{n\m) the free C[[h]] module (completed in the /i-adic topology) generated 
by the elements cf subject to the relations 

k-,c+l = 6,,, Ic+ c+1 = lcr,cjj = 0. (5.2) 

As usual, let 

n+m 

Ni = ctcr, N=Y,N,. (5.3) 

i=i 

The algebra W{n\m) of n pairs of Bose and m pairs of Fermi CAO's has a natural action 

in the Fock space J-{n\m), defined as follows. Let J^{n\m) be the free W{n\m) module 
generated by a vector |0) subject to the relations 

c~|0) = 0, for all i £ [l;n + m]. 

Then it follows easily that a basis of J-{n\m) is given by 

ic+YHcty' ■ . . (c++„)'"+-|0) ^ h,..., Wm), (5.4) 

where 

li G Z+ for i £ [1; n] and k G {0, 1} for i € [n + 1; n + m]. 

The Dyson and Holstein-Primakoff realizations of Uq[sl{n + l\m)] are two 
different algebra homomorphisms of Uq[sl{n + l\m)] into W{n\m) |2^]. Since W{n\m) has 
the natural Fock representation J^{n\m), these realizations will provide representations of 
Uq[sl{n + l\m)] in jr(n|m). 

Theorem 7 (Dyson realization) Let p be any complex number. The linear map p : 
Uq[sl{n + l\m)] W{n\m), defined on the Jacobson generators by 

n+m 

p{Hi) = p-(-lf^ctc- -^cpj =p-{-lf^Ni-N, 

p(at) = qN,+-+N.^^at, (5.5) 
is a (associative algebra) homomorphism of Uq[sl{n + l\m)] into W{n\m). 



19 



The inspiration of this mapping comes from Theorem |^. The actual proof of Theorem ^ 
is straightforward but tedious : one has to verify that all relations in Theorem 1 are satisfied 
under the substitution of and af by p{H.i) and p{af). These computations are lengthy 
and based upon easy relations such as 



n, 



f{Ni)cf = cffiNi ± 6,,), i,j e[l;n + m]; q''^ = 1 - N, + qNi for i > 

or simple g-identities such as [x + 1] [y] — [x] [y + 1] = [y — x]. 

The Dyson realization of the JGs of Uq[sl{n + l|m)] leads to an explicit realization 
of all Cartan-Weyl elements of Uq[sl{n + l|m)] in terms of the Bose and Fermi CAO's. 
Indeed, using ( 2.15| ) and ( |5.5D one obtains : 



In (5^), the convention is that the summation (in the power of q) is when j = i — 1 (and 
similarly for ( ^.7D ). Since ^(n|m) is a W{n\m) module, the Dyson realization provides 
a representation of Uq[sl{n + l\m)] into J-'{n\m). It is easy to see that the action of 
every p{Hi) and p{af) upon . . . , In+m) is the same as the action of Hi and af in the 
representation on Wp given by Theorem ^, under the identification 

l^li • • • ) ^n+m) = |P) Wi • • • ^ ^n+m) • 

Therefore, it follows that the representation p of Uq[sl{n + l\m)] into J-'{n\m) (under the 
Dyson realization) is irreducible when p When p € the representation p is 
indecomposable. The subspace J^i{n\m), spanned on the vectors 

. . . , In+m) with /i H h In+m > P 

is clearly invariant under the action of Uq[sl{n + l\m)]. We denote the (finite dimensional) 
quotient module by J^o{n\m) = J^{n\m)/J^i{n\m), and (by abuse of notation) its vectors 
are denoted by 

1^1, ... , In+m) with /i H h In+m < P- 

For h an indeterminate {q = e^), the representation of Uq[sl{n + l|m)] into J-(j{n\m) is 
irreducible. It is obvious how to identify J^o{n\m) with Wp. 
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In order to turn J^Q{n\m) into a unitary Uq[sl{n + l|m)] module, we introduce the 
Holstein-Primakoff realization. 



Theorem 8 (Holstein-Primakoff realization) Letp £ C. The linear map g : Uq[sl{n+ 
l\m)] — > W{n\m), defined on the Jacobson generators by 

n+m 

Q{Hi) = p- (-l)''c+c- - 4^7 =P- i-^f'Ni - N, 



e{at) = g-^^+-+^-y^[p-iV + l]c+ (5.^ 
is a homomorphism ofUq[sl{n + l|m)] into W{n\m) 



Let us now also consider the special case that p is a positive integer. Just as in the 
previous case, the subspace J-i{n\m) is invariant for the action of Uq[sl{n + l|m)] under g 
when p £ Z4-. It is clearly invariant under the action of Uq[sl{n + l|m)]. Let us consider 
the following basis of the (finite dimensional) quotient module J^Q{n\m) : 

IClJ ...IC„ ^ |0)^|/i,Z2,...,Wm), h + ... + ln+^m<p. (5.9) 

y ti!£2' . . . In+m- 

It is easy to verify that the action of every g{Hi) and g{af) upon . . . , In+m) is the same 
as the action of Hi and af in the representation on Wp given by (4.11)-( 4.12| ), under the 
identification 

l^li • • • ) ^n+m) = \Pi Wi • • • ^ ^n+m)- 

Therefore, it follows that the representation g of Uq[sl{n + l\m)] into J-o{n\m) (under the 
Holstein-Primakoff realization with p £ Z^) is an irreducible unitary module when 

q = e"f' with --<(/><-. 

p p 



From (|2l5| ) and (|5^ ), one obtains the Holstein-Primakoff realization of the remaining 



Cartan-Weyl elements of Uq[sl{n + 1|?tt,)] : 



V iV,(iV,, + l) ^ * ' 
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Observe that there is an alternative description of the Holstein-Primakoff reahzation, 
in terms of deformed Bose 41, ^] and Fermi [^] CAO's cf defined as 



cr = y^f^cr, c+ = ^Mc+, N, = N,, ^e[l■,n + m]. (5.11) 
These elements of W{n\m) satisfy the relations 

Pr>c+1,.., = ^..g-^-'^'^'^N [N,,cf] = ±6,,cf, lcf,cfj = [N,,N,] = 0. (5.12) 



The Holstein-Primakoff realization can be rewritten in terms of these deformed Bose and 
Fermi operators cf. We give it here for all Cartan-Weyl elements : 







Ni-N, 










^ -Ni+...+Ni 


-i^[p_iV + l]c+ 




= q^e,{N,-iy 


^Nj+i+Nj+2+...+Ni-i~+~ 


Q{e-ji) 







(i 



(5.13) 



Furthermore, this is easy to extend to a Holstein-Primakoff realization of Uq\gl{n + l|m)] 
by 

^(eoo) =P-N, Qieu) = Ni. (5.14) 

The Holstein-Primakoff realization has given us a realization in terms of oscillators (in ( |5.8p 
and ( 5.10D ) or g-oscillators (in ( ^.13D ). Observe that this oscillator realization is different 



from the one given by Floreanini a/ |43] : in |43| only the Chevalley generators are 
realized in terms of oscillators or g-oscillators. Furthermore all generators are bilinear 
expressions in the oscillators, whereas here the JGs are linear expressions in the oscillators. 



VI Conclusions 



We have constructed a class of representations of the quantum superalgebra J7q[s/(n+l|m)], 
which was also extended to Uq[gl{n + l|m)]. Our approach is entirely along the lines of 
Fock representations of parastatistics of order p, for which the defining relations are given 
by ( |3.lD -( |3^ . The analogy with parastatistics goes further : within the Fock representa- 
tions, the JGs of can be interpreted as operators creating or annihilating (quasi)particles, 
or excitations of a new kind of quantum statistics. 
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In order to be more concrete consider a Hamiltonian H = ^17=1^ ^i^u- Then, 

see 

n+m 

H\p;ri,...,rn+m) = ^ e^rilp; n, . . . , r„+m). 

1=1 

Therefore the vector \p;ri, . . . , Vn+m) can be interpreted as a state consisting of ri particles 
with energy ei, r2 particles with energy 82, and so on, Tn-^m particles with energy Sri-\-m- 
Moreover, according to (4.11)-( p:.12 ) any operator (resp. a^) creates (resp. annihilates) 
a particle on the orbital i. Since rj G for i £ [1; n] and G {0, 1} for i £ [n + 1; m] the 
particles on the first n orbitals behave like bosons, and the particles on the next orbitals 
like fermions. This is however not quite the case if p < n + m, since Yll^^i^ '''i — P- other 
words the system cannot accommodate more than p particles. Therefore the statistics 
falls in the group of exclusion statistics in the broad sense [44| : the number of particles 
to be accommodated on a certain orbital depends on the number of particles already 
accommodated in the system. What are the properties of the underlying statistics is a 
question still to be answered. 

Another property worth to be studied is to analyze what happens if p ^ 00 and 



q ^ 1. Having in mind the results from |11] we expect that in this limit the operators 
^(Pi Q)f = o^i^ / Vp become genuine Bose CAO's for i £ [1; n] and genuine Fermi CAO's for 
i G [n + l;n + m]. If so, then for large p and values of q close to 1 the operators A{p, q)f 
describe small deviations from the canonical quantum statistics. Moreover these CAO's 
are defined in a state space with positive definite scalar product. Among the various 
noncanonical statistics (Gentile intermediate statistics |45], parastatistics [15|, infinite 
statistics [^], parous quons [Q) only the quons have the same property. Therefore 
parallel to quons the A{p, q)f operators may appear as another candidate to describe 



eventual small violations of canonical quantum statistics (see [47] where also experiments 
for detecting small violations of statistics are discussed). 

We believe also (having in mind again the results in |l^]) that the CAO's of Uq[sl{n + 
l\m)] and their Fock representations will be natural "building blocks" for any multicom- 
ponent t — J supersymmetric lattice model. To this end we note that at each site i the 
Hubbard operators X^^ and X^^ (we suppress the site index) are nothing but nonde- 
formed Jacobson generators and a^, respectively. Then the representations with p = 1 
satisfy the hard-core condition forbidding configurations with two or more particles to be 
accommodated simultaneously on each lattice site. 
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Some of the results related to this quantum statistics were already published in an 
earlier paper [^] . Let us underline the new contributions in the present paper. Theorem 1 
(section II) was already stated without proof in [^], since it is the main ingredient to 
describe the quantum statistics; here we have given its relevant background and a complete 
proof. Sections III and IV contain our key results; all of them are original. We have 
constructed a class of representations of Uq[sl{n + l\m)] labelled by an arbitrary number p. 
When p is a positive integer, this representation is indecomposable and the corresponding 
quotient module is finite dimensional. The derivation of the action of the JGs on basis 
elements of these representations is highly nontrivial. In section IV we have selected the 
unitary representations, with respect to the (in physics) natural Hermiticity condition ( [4.1[ ) 
considered as an anti-involution, and the requirement that the usual Fock space metric 
should be positive definite. It is interesting to note that the selected representations remain 
irreducible when g is a root of unity. 

The Dyson and Holstein-Primakoff realizations of Uq[sl{n + l|m)] were given in an 
earlier paper by one of us [^], but only for the Chevalley generators. Here, in section V, 
we give the realization for all Cartan-Weyl elements of Uq[sl{n+l\m)]. Such realizations are 
relevant since also in the classical case {q = 1) the realization of all Cartan-Weyl generators 
(Bargmann-Schwinger realizations, ladder representations) are of physical importance. 
Observe that it is far from trivial to deduce the realization for all Cartan-Weyl elements 
from those of the realization for the Chevalley generators. This would be rather hard 
because the expressions of all Cartan-Weyl elements in terms of the Chevalley generators 



are very involved and difficult to manage, see e.g. |31]. In the present case, the problem was 
overcome because we were able to give the Dyson and Holstein-Primakoff realizations of the 
Jacobson generators of Uq[sl{n+l\m)]. Since the expressions of the remaining Cartan-Weyl 
elements in terms of the Jacobson generators is simple, the Dyson and Holstein-Primakoff 
realizations of all Cartan-Weyl elements followed without too much trouble. 



Acknowledgements 

T.D. Palev and N.I. Stoilova were supported by NATO (Collaborative Linkage Grant) 
during their visit to Ghent. T.D. Palev also wishes to acknowledge Ghent University for a 
visitors grant. N.I. Stoilova is thankful to Prof. H.D. Doebner for constructive discussions 
and to the Humboldt Foundation for its support. 



24 



References 

[1] V.G. Drinfeld, DAN SSSR 283, 1060 (1985); Sov. Math. Dokl. 32, 254 (1985). 
[2] M. Jimbo, Lett. Math. Phys. 10, 63 (1985). 

[3] A.J. Bracken, M.D. Gould and R.B. Zhang, Mod. Phys. Lett. A 5, 831 (1990). 

[4] M. Chaichian and P.P. Kulish, Phys. Lett. B 237, 72 (1990). 

[5] R. Floreanini, D.A. Leites and L. Vinet, Lett. Math. Phys. 23, 127 (1991). 

[6] S.M. Khoroshkin and V.N. Tolstoy, Commun. Math. Phys. 141, 599 (1991). 

[7] M. Scheunert, Lett. Math. Phys. 24, 173 (1992). 

[8] V.G. Kac, Adv. Math. 26, 8 (1977). 

[9] T.D. Palev, N.I. Stoilova and J. Van der Jeugt, Commun. Math. Phys. 166, 367 
(1994). 

[10] N. Jacobson, Amer. J. Math. 71, 149 (1949). 

[11] T.D. Palev and J. Van der Jeugt, Jacobson generators, Fock representations and 
statistics of sl{n + 1), preprint [hep-th/0010107 . 

[12] T.D. Palev, Lie algebraic aspects of quantum the statistics (Habilitation thesis, Inst. 
Nucl. Research and Nucl. Energy, Sofia 1976, in Bulgarian) ; preprint |hep-th/9705032| . 

[13] A. Jellal, T.D. Palev and J. Van der Jeugt, Macroscopic properties of A- statistics^ J. 
Phys. A (to be publihed). 

[14] T.D. Palev, J. Math. Phys. 21, 1293 (1980). 

[15] H.S. Green, Phys. Rev. 90, 270 (1953). 

[16] S. Kamefuchi and Y. Takahashi, Nucl. Phys. 36, 177 (1962); C. Ryan and E.C.G. 
Sudarshan, Nucl. Phys. 47, 207 (1963). 

[17] A.Ch. Ganchev and T.D. Palev, J. Math. Phys. 21, 797 (1980). 

[18] S. Okubo, J. Math. Phys. 35, 2785 (1994). 



25 



[19] T.D. Palev, Commun. Math. Phys. 196, 429 (1998). 

[20] G.W. Delius, M.D. Gould, J.R. Links and Y.-Z. Zhang, J. Phys. A 28, 6203 (1995). 

[21] S. Sarker, J. Phys. A 23, L409 (1990); ibid. 24, 1137 (1991); F.H.L. Esseler and V.E. 
Korepin, Phys. Rev. B 46, 9147 (1992). 

[22] S.-M. Fei and R.-H. Yue, J. Phys. A 27, 3715 (1994); A. Foerster and M. Karowski, 
Nucl. Phys. B 408, 512 (1993). 

[23] T.D. Palev, Mod. Phys. Lett. A 14, 299 (1999). 

[24] T.D. Palev, J. Phys. A 26, Lllll (1993); L.K. Hadjiivanov, J. Math. Phys. 34, 5476 
(1993); T.D. Palev and J. Van der Jeugt, J. Phys. A 28, 2605 (1995). 

[25] T.D. Palev, Lett. Math. Phys. 31, 151 (1994). 

[26] T.D. Palev and P. Parashar, Lett. Math. Phys. 43, 7 (1998). 

[27] T.D. Palev and N.I. Stoilova, J. Phys. A 32, 1053 (1999). 

[28] M. Scheunert, J. Math. Phys. 34, 3780 (1993). 

[29] H. Yamane, Proc. Japan Acad. Ser. A Math. Sci. 67, 108 (1991). 

[30] H. Yamane, Publ. Res. Inst. Math. Sci. 30, 15 (1994). 

[31] T.D. Palev and V.N. Tolstoy, Commun. Math. Phys. 141, 549 (1991). 

[32] V.G. Kac, in Lecture Notes in Math. 676, 597 (1979). 

[33] R.B. Zhang, J. Math. Phys. 34, 1236 (1993). 

[34] J. Van der Jeugt, J.W.B. Hughes, R.C. King and J. Thierry-Mieg, J. Math. Phys. 
31, 2278 (1990). 

[35] A. Kempf, J. Math. Phys. 35, 4483 (1994). 

[36] T.D. Palev and N.I. Stoilova, J. Math. Phys. 38, 2506 (1997). 

[37] F.J. Dyson, Phys. Rev. 102, 1217 (1956). 

[38] T. Holstein and H. PrimakofF, Phys. Rev. 58, 1098 (1949). 



26 



[39] A.J. Macfarlane, J. Phys. A 22, 4581 (1989). 

[40] L.C. Biedenharn, J. Phys. A 22, L873 (1989). 

[41] CP. Sun and H.C. Fu, J. Phys. A 22, L983 (1989). 

[42] A.P. Polychronakos, Mod. Phys. Lett. A 5, 2325 (1990). 

[43] R. Floreanini, V.P. Spiridonov and L. Vinet, Commun. Math. Phys. 137, 149 (1991). 
[44] F.D.M. Haldane, Phys. Rev. Lett. 67, 937 (1991). 
[45] G. Gentile, Nuovo Cimento 17, 493 (1940). 

[46] S. Doplicher, R. Haag and J. Roberts, Commun. Math. Phys. 23, 199 (1971); ibid. 
35, 49 (1974). 



[47] O.W. Greenberg, Theories of violation of statistics, preprint hep-th/0007054 



[48] M. Arik, D.D. Coon and Y.-M. Lam, J. Math. Phys. 16, 1776 (1975); O.W. Greenberg, 
Phys. Rev. D 43, 4111 (1991). 

[49] D. Foerster, Phys. Rev. Lett, bf 63, 2140 (1989). 

[50] T.D. Palev, N.I. Stoilova and J. Van der Jeugt, J. Phys. A 33, 2545 (2000). 



27 



